We analyze (using a chiral effective Lagrangian model) the scalar and pseudoscalar meson mass spectrum of QCD at finite temperature, above the chiral transition at T c , looking, in particular, for signatures of a possible breaking of the U(1) axial symmetry above T c . A detailed comparison between the case with a number of light quark flavors N f ≥ 3 and the (remarkably different) case N f = 2 is performed.
Introduction
The so-called chiral condensate,≡ N f l=1 q l q l , is known to be an order parameter for the S U(N f ) ⊗ S U(N f ) chiral symmetry of the QCD Lagrangian with N f massless quarks (chiral limit), the physically relevant cases being N f = 2 and N f = 3. Lattice determinations of(see, e.g., Refs. [1] ) show that there is a chiral phase transition at a temperature T c ∼ 150 ÷ 170 MeV, which is practically equal to the deconfinement temperature T d , separating the confined (or hadronic) phase at T < T d , from the deconfined phase (also known as quark-gluon plasma) at T > T d . For T < T c ∼ T d , the chiral condensateis nonzero and the chiral symmetry is spontaneously broken down to the vectorial subgroup S U(N f ) V , and the N 2 f − 1 J P = 0 − lightest mesons are just the (pseudo-)Goldstone bosons associated with this breaking. Instead, for T > T c ∼ T d , the chiral condensatevanishes and the chiral symmetry is restored. But this is not the whole story, since QCD with N f massless quarks also has a U(1) axial symmetry [U(1) A ], which is broken by an anomaly at the quantum level [2, 3] : this anomaly plays a fundamental role in explaining the large mass of the η meson [4, 5] .
Email address: enrico.meggiolaro@df.unipi.it (Enrico Meggiolaro) Now, the question is: What is the role of the U(1) axial symmetry for the finite temperature phase structure of QCD? One expects that, at least for T T c , where the density of instantons is strongly suppressed due to a Debye-type screening [6] ), also the U(1) axial symmetry will be (effectively) restored. This question is surely of phenomenological relevance since the particle mass spectrum above T c drastically depends on the presence or absence of the U(1) axial symmetry. From the theoretical point of view, this question can be investigated by comparing (e.g., on the lattice) the behavior at nonzero temperatures of the two-point correlation functions O f (x)O † f (0) for the variousmeson channels (" f "). For example, for N f = 2 [7, 8] , one can study the meson channels (traditionally called σ, δ, η and π) which are listed in Table 1 , together with their corresponding interpolating operators and their isospin (I) and spin-parity (J P ) quantum numbers. Under S U(2) A 
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The restoration of the S U(2) chiral symmetry implies that the σ and π channels become degenerate, with identical correlators and, therefore, with identical (screening) masses, M σ = M π . The same happens also for the channels η and δ. Instead, an effective restoration of the U(1) axial symmetry should imply that σ becomes degenerate with η, and π becomes degenerate with δ.
(Clearly, if both chiral symmetries are restored, then all σ, π, η, and δ correlators should become the same.) In Ref. [9] the scalar and pseudoscalar meson mass spectrum, above the chiral transition at T c , has been analyzed using, instead, a chiral effective Lagrangian model (which was originally proposed in Refs. [10, 11, 12] and elaborated on in Refs. [13, 14, 15] ), which, in addition to the usual chiral condensate, also includes a (possible) genuine U(1) A -breaking condensate that (possibly) survives across the chiral transition at T c , staying different from zero at T > T c . The motivations for considering this Lagrangian (and a critical comparison with other effective Lagrangian models existing in the literature) are recalled in Sec. 2. The results for the mesonic mass spectrum for T > T c are summarized in Sec. 3, for the case N f ≥ 3, and in Sec. 4, for the case N f = 2. Finally, in Sec. 5, we shall make some comments on (i) the remarkable difference between the case N f ≥ 3 and the case N f = 2, and (ii) the comparison between our results and the available lattice results for N f = 2 (or N f = 2 + 1).
Chiral effective Lagrangians
Chiral symmetry restoration at nonzero temperature is often studied in the framework of the following effective Lagrangian [16, 17, 18, 19, 20] , written in terms of the (quark-bilinear) mesonic effective field U i j ∼ q jR q iL = q j 1+γ 5 2
where M = diag(m 1 , . . . , m N f ) is the quark mass matrix and L 0 (U, U † ) is a term describing a kind of linear sigma model,
while L I (U, U † ) is an interaction term of the form:
Since under U(N f ) L ⊗U(N f ) R chiral transformations the quark fields and the mesonic effective field U transform as
where V L and V R are arbitrary N f × N f unitary matrices, we have that L 0 (U, U † ) is invariant under the entire chiral group U(N f ) L ⊗ U(N f ) R , while the interaction term (4) [and so the entire effective Lagrangian (2) in the chi-
However, as was noticed by Witten [21] , Di Vecchia, and Veneziano [22] , this type of anomalous term does not correctly reproduce the U(1) axial anomaly of the fundamental theory, i.e., of the QCD (and, moreover, it is inconsistent with the 1/N c expansion). In fact, one should require that, under a U(1) axial transformation (6) , the effective Lagrangian, in the chiral limit M = 0, transforms as
where Q(x) = g 2 64π 2 ε µνρσ F a µν (x)F a ρσ (x) is the topological charge density and L e f f also contains Q as an auxiliary field. The correct effective Lagrangian, satisfying the transformation property (7) , was derived in Refs. [21, 22, 23, 24, 25] and is given by
where A = −i d 4 x T Q(x)Q(0) | Y M is the so-called topological susceptibility in the pure Yang-Mills (YM) theory. After integrating out the variable Q in the effective Lagrangian (8) , we are left with
to be compared with Eqs.
(2)-(4). For studying the phase structure of the theory at finite temperature T , all the parameters appearing in the effective Lagrangian must be considered as functions of T . In particular, the parameter ρ π , appearing in the first term of the potential V 0 (U, U † ) in Eq. (3), is responsible for the behavior of the theory across the chiral phase transition at T = T c . Let us consider, for a moment, only the linear sigma model L 0 (U, U † ), i.e., let us neglect both the anomalous symmetry-breaking term and the mass term in Eq. (9) . If ρ π (T < T c ) > 0, then the value U for which the potential V 0 is minimum (that is, in a mean-field approach, the vacuum expectation value of the mesonic field U) is different from zero and can be chosen to be
which is invariant under the vectorial U(N f ) V subgroup; the chiral symmetry is thus spontaneously broken down to U(N f ) V . Instead, if ρ π (T > T c ) < 0, we have that
and the chiral symmetry is realizedà la Wigner-Weyl. The critical temperature T c for the chiral phase transition is thus, in this case, simply the temperature at which the parameter ρ π vanishes: ρ π (T c ) = 0. However, the anomalous term in Eq. (9) makes sense only in the low-temperature phase (T < T c ), and it is singular for T > T c , where the vacuum expectation value of the mesonic field U vanishes. On the contrary, the interaction term (4) behaves well both in the lowand high-temperature phases.
The above-mentioned problems can be overcome by considering a modified effective Lagrangian (which was originally proposed in Refs. [10, 11, 12] and elaborated on in Refs. [13, 14, 15] ), which, in a sense, is an "extension" of both L 1 and L 2 , having (i) the correct transformation property (7) under the chiral group, and (ii) an interaction term containing the determinant of the mesonic field U, of the kind of that in Eq. (4), assuming that there is a U(1) A -breaking condensate that (possibly) survives across the chiral transition at T c , staying different from zero up to a temperature T U(1) > T c .
(Of course, it is also possible that T U(1) → ∞, as a limit case. Another possible limit case, i.e., T U(1) = T c , will be discussed in the concluding comments in Sec. 5.) The new U(1) chiral condensate has the form
is a 2N f -quark local operator that has the chiral transformation properties of [3, 26, 27] 
, it has no disconnected part proportional to some power of the quark-antiquark chiral condensate; the explicit form of the condensate for the cases N f = 2 and N f = 3 is discussed in detail in the Appendix A of Ref. [15] (see also Refs. [12, 28] ). The modified effective Lagrangian is written in terms of the topological charge density Q, the mesonic field U i j ∼q jR q iL , and the new field variable X ∼ det(q sR q tL ), associated with the U(1) axial condensate [10, 11, 12] ,
where the potential term V(U, U † , X, X † ) has the form
Since
the field X transforms exactly as det U,
while under a U(1) axial transformation, it correctly transforms as in Eq. (7) . After integrating out the variable Q in the effective Lagrangian (12), we are left with
As we have already said, all the parameters appearing in the effective Lagrangian must be considered as functions of the physical temperature T . In particular, the parameters ρ π and ρ X determine the expectation values U and X , and so they are responsible for the behavior of the theory across the S U(N f ) ⊗ S U(N f ) and the U(1) chiral phase transitions. We shall assume that the parameters ρ π and ρ X , as functions of the temperature T , behave as reported in Table 2 ; T ρ π is thus the temperature at which the parameter ρ π vanishes, while T U(1) > T ρ π is the temperature at which the parameter ρ X vanishes (with, as we have said above, T U(1) → ∞, i.e., ρ X > 0 ∀T , as a possible limit case). We shall see in the next section that, in the case N f ≥ 3, one has T c = T ρ π (exactly as in the case of the linear sigma model L 0 discussed above), while, as we shall see in Sec. 4, the situation in which N f = 2 is more complicated, being T ρ π < T c < T U (1) in that case (unless T ρ π = T c = T U(1) ; this limit case will be discussed in the concluding comments in Sec. 5).
Concerning the parameter ω 1 , in order to avoid a singular behavior of the anomalous term in Eq. (16) above the chiral transition temperature T c , where the vacuum expectation value of the mesonic field U vanishes (in the chiral limit M = 0), we shall assume that ω 1 (T ≥ T c ) = 0.
Finally, let us observe that the interaction term between the U and X fields in Eq. (13), i.e.,
is very similar to the interaction term (4) that we have discussed above for the effective Lagrangian L 1 . However, the term (17) is not anomalous, being invariant under the chiral group U(N f ) L ⊗ U(N f ) R , by virtue of Eqs. (5) and (14) . Nevertheless, if the field X has a (real) nonzero vacuum expectation value X [the U(1) axial condensate], then we can write
and, after susbstituting this in Eq. (17) and expanding in powers of the excitations h X and S X , one recovers, at the leading order, an interaction term of the form (4):
In what follows (see Ref. [9] for more details) we shall analyze the effects of assuming a nonzero value of the U(1) axial condensate X on the scalar and pseudoscalar meson mass spectrum above the chiral transition temperature (T > T c ), both for the case N f ≥ 3 (Sec. 3) and for the case N f = 2 (Sec. 4).
Mass spectrum for T > T c in the case N f ≥ 3
Let us suppose to be in the range of temperatures T ρ π < T < T U(1) , where, according to Table 2 ,
Since we expect that, due to the sign of the parameter ρ X in the potential (13), the U(1) axial symmetry is broken by a nonzero vacuum expectation value of the field X (at least for λ 2 X → ∞ we should have X † X → 1 2 F 2 X ), we shall use for the field U a simple linear parametrization, while, for the field X, we shall use a nonlinear parametrization (in the form of a polar decomposition),
where X = αe iβ (with α 0) is the vacuum expectation value of X and a i j , b i j , h X , and S X are real fields. Inserting Eq. (21) into the expressions (13) and (16), we find the expressions for the potential with and without the anomalous term (with ω 1 = 0),
At the minimum of the potential we find that, at the leading order in M = diag(m 1 , . . . , m N f ):
In particular, in the chiral limit M = 0, we find that U = 0 and X = α = F X √ 2 , which means that, in this range of temperatures T ρ π < T < T U(1) , the S U(N f ) L ⊗ S U(N f ) R chiral symmetry is restored so that we can say that (at least for N f ≥ 3) T c ≡ T ρ π , while the U(1) axial symmetry is broken by the U(1) axial condensate X. Concerning the mass spectrum of the effective Lagrangian, we have 2N 2 f degenerate scalar and pseudoscalar mesonic excitations, described by the fields a i j and b i j , plus a scalar (0 + ) singlet field h X = α − α and a pseudoscalar (0 − ) singlet field S X = αβ [see Eq. (21)], with squared masses given by
(24) While the mesonic excitations described by the field U are of the usualtype, the scalar singlet field h X and the pseudoscalar singlet field S X describe instead two exotic, 2N f -quark excitations of the form h X (α) ∼ det(q sL q tR ) + det(q sR q tL ) and S X ∼ i[det(q sL q tR ) − det(q sR q tL )]. In particular, the physical interpretation of the pseudoscalar singlet excitation S X is rather obvious, and it was already discussed in Ref. [10] : it is nothing but the would-be Goldstone particle coming from the breaking of the U(1) axial symmetry. In fact, neglecting the anomaly, it has zero mass in the chiral limit of zero quark masses. Yet, considering the anomaly, it acquires a topological squared mass proportional to the topological susceptibility A of the pure YM theory, as required by the Witten-Veneziano mechanism [4, 5] .
Mass spectrum for T > T c in the case N f = 2
As in the previous section, we start considering the range of temperatures T ρ π < T < T U (1) , with the parameters ρ π and ρ X given by Eq. (20) (see also Table 2 ). We shall use for the field U a more convenient variant of the linear parametrization, while, for the field X, we shall use the usual nonlinear parametrization given in Eq. (21),
where τ a (a = 1, 2, 3) are the three Pauli matrices [with the usual normalization Tr(τ a τ b ) = 2δ ab ] and the fields σ, η, δ, and π describe, precisely, themesonic excitations which are listed in Table 1 . Inserting Eq. (25) and M = diag(m u , m d ) into the expressions (13) and (16), we find the following expression for the potential with and without the anomalous term (with ω 1 = 0),
When studying the equations for a stationary point of the potential, one immediately finds that η = π a = β = 0 (P-invariance requires that U = U † and X = X † ), and also δ 1 = δ 2 = 0, while for the other values α, σ and δ ≡ δ 3 one finds the following solution (at the first nontrivial order in the quark masses):
which, in the chiral limit m u = m d = 0, reduces to
signalling that the S U(2) L ⊗ S U(2) R chiral symmetry is restored, while the U(1) axial symmetry is broken by the U(1) axial condensate X.
Studying the matrix of the second derivatives (Hessian) of the potential with respect to the fields at the stationary point, one finds that (in the chiral limit m u = m d = 0) there are (as in the case N f ≥ 3) two exotic 0 ± singlet mesonic excitations, described by the fields h X = α − α and S X = αβ, with squared masses
, and, moreover, twochiral multiplets appear in the mass spectrum of the effective Lagrangian, namely,
signalling the restoration of the S U(2) L ⊗ S U(2) R chiral symmetry. 2 Instead, the squared masses of themesonic excitations belonging to a same U(1) chiral multiplet, such as (σ, η) and ( π, δ), remain split by the quantity
proportional to the U(1) axial condensate X = F X √ 2 . This result is to be contrasted with the corresponding result obtained in the previous section for the N f ≥ 3 case, see Eq. (24) , in which all (scalar and pseudoscalar)mesonic excitations (described by the field U) turned out to be degenerate, with squared masses M 2 U = 1 2 λ 2 π B 2 π .
Comments on the results and conclusions
The difference in the mass spectrum of themesonic excitations (described by the field U) for T > T c between the case N f = 2 and the case N f ≥ 3 is due to the different role of the interaction term L int = c I [det U + det U † ] + . . . , with c I ≡ c 1 X 2 √ 2 , in the two cases. When N f = 2, this term is (at the lowest order) quadratic in the fields U so that it contributes to the squared mass matrix. Instead, when N f ≥ 3, this term is (at the lowest order) an interaction term of order N f in the fields U (e.g., a cubic interaction term for N f = 3) so that, in the chiral limit, when U = 0, it does not affect the masses of themesonic excitations.
Alternatively, we can also explain the difference by using a "diagrammatic" approach, i.e., by considering, for example, the diagrams that contribute to the following quantity D U(1) , defined as the difference between the correlators for the δ + and π + channels:
What happens below and above T c ? For T < T c , in the chiral limit m 1 = . . . m N f = 0, the left-handed and righthanded components of a given light quark flavor can minimum of the potential, provided that λ 2 π B 2 π > c 1 F X ; otherwise, the Hessian evaluated at the stationary point would not be positive definite. Remembering that, for T ρπ < T < T U(1) , ρ π ≡ − 1 2 B 2 π < 0, the condition for the stationary point (28) to be a minimum can be written as G π ≡ c 1 F X + 2λ 2 π ρ π = c 1 F X − λ 2 π B 2 π < 0. In other words, assuming c 1 F X > 0 and approximately constant (as a function of the temperature T ) around T ρπ , we have that the stationary point (28) is a solution, i.e., a minimum of the potential, not immediately above T ρπ , where the parameter ρ π vanishes (see Table 2 ) and G π is positive, but (assuming that λ 2 π B 2 π becomes large enough increasing T , starting from λ 2 π B 2 π = 0 at T = T ρπ ) only for temperatures that are sufficiently higher than T ρπ , so that the condition G π < 0 is satisfied, i.e., only for T > T c > T ρπ , where T c is defined by the condition G π (T = T c ) = 0, and it is just what we can call the chiral transition temperature. be connected through thechiral condensate, giving rise to a nonzero contribution to the quantity D U(1) (x) in Eq. (31) . But for T > T c , thechiral condensate is zero, and, therefore, also the quantity D U(1) (x) should be zero for T > T c , unless there is a nonzero U(1) axial condensate X; in that case, one should also consider the diagram with the insertion of a 2N f -quark effective vertex associated with the U(1) axial condensate X. For N f = 2 (see Figure 1 ), all the left-handed and righthanded components of the up and down quark fields in Eq. (31) can be connected through the four-quark effective vertex, giving rise to a nonzero contribution to the quantity D U(1) (x). Instead, for N f = 3 (see Figure 2 ), the six-quark effective vertex also generates a couple of right-handed and left-handed strange quarks, which, for T > T c , can only be connected through the mass operator −m s q s q s , so that (differently from the case N f = 2) this contribution to the quantity D U(1) (x) should vanish in the chiral limit; this implies that, for N f = 3 and T > T c , the δ and π correlators are identical, and, as a consequence, also M δ = M π . This argument can be eas- ily generalized to include also the other meson channels and to the case N f > 3.
Finally, let us see how our results for the mass spectrum compare with the available lattice results. Lattice results for the case N f = 2 (and for the case N f = 2 + 1, with m u,d → 0 and m s ∼ 100 MeV) exist in the literature, even if the situation is, at the moment, a bit controversial. In fact, almost all lattice results [29, 30, 31, 32, 33, 34, 35, 36] (using staggered fermions or domain-wall fermions on the lattice) indicate the nonrestoration of the U(1) axial symmetry above the chiral transition at T c , in the form of a small (but nonzero) splitting between the δ and π correlators above T c , up to ∼ 1.2 T c . In terms of our result (30), we would interpret this by saying that, for T > T c , there is still a nonzero U(1) axial condensate, X > 0, so that c I = c 1 X 2 √ 2 > 0 and the above-mentioned interaction term, containing the determinant of the mesonic field U, is still effective for T > T c .
However, other lattice results obtained in Ref. [37] (using the so-called overlap fermions on the lattice; see also Ref. [38] ) do not show evidence of the abovementioned splitting above T c , so indicating an effective restoration of the U(1) axial symmetry above T c , at least, at the level of themesonic mass spectrum. In terms of our result (30), we would interpret this by saying that, for T > T c , one has c 1 X = 0, so that c I = c 1 X 2 √ 2 = 0 and the above-mentioned interaction term, containing the determinant of the mesonic field U, is not present for T > T c . For example, it could be that also the U(1) axial condensate X (like the usual chiral condensate) vanishes at T = T c , i.e., using the notation introduced in Sec. 2 (see Table 2 ), that T U(1) = T c . (Or, even more drastically, it could be that there is simply no genuine U(1) axial condensate . . . )
In conclusion, further work will be necessary, both from the analytical point of view but especially from the numerical point of view (i.e., by lattice calculations), in order to unveil the persistent mystery of the fate of the U(1) axial symmetry at finite temperature.
Also the question of the (possible) exotic pseudoscalar singlet field S X ∼ i[det(q sL q tR ) − det(q sR q tL )] for T > T c , with squared mass (in the chiral limit) given by M 2
, should be further investigated, both theoretically and experimentally. As we have already said, the excitation S X is nothing but the would-be Goldstone particle coming from the breaking of the U(1) axial symmetry, as required by the Witten-Veneziano mechanism [4, 5] . So, it is precisely what we should call the "η " for T > T c : is there any chance to observe it? Lattice results seem to indicate that A(T ) has a sharp decrease for T > T c and it vanishes at ∼ 1.2 T c [39] . (And, maybe, A(T > T c ) → 0 for N c → ∞, as it was suggested in Ref. [40] .) Could this explain the "η " mass decrease, which, according to Ref. [41] , has been observed inside the fireball in heavy-ion collisions?
